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Abstract 

We show that the supersymmetric Wilson loops in IIB matrix 
model give a transition operator from reduced supersymmetric Yang- 
Mills theory to supersymmetric space-time theory. In comparison 
with Green-Schwarz superstring we identify the supersymmetric Wil¬ 
son loops with the asymptotic states of IIB superstring. It is pointed 
out that the supersymmetry transformation law of the Wilson loops 
is the inverse of that for the vertex operators of massless modes in the 
U(N ) open superstring with Dirichlet boundary condition. 
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1 Introduction 


For a long time it has been hoped that the large N gauge theory [jlj] will 
give a nonperturbative definition of string theory. In the begining of ’90 
2D string has solved exactly in terms of matrix models 0 and many works 
have been carried out in this held |J . The identification with the continuum 
theory was done in the direct calculations of amplitudes [[I]] and then was 
completed using the symmetry |Q. 

Recently more realistic matrix models called M(atrix) theory |J and IIB 
matrix theory 0 (and also see [8 - 15]) have been proposed, which are 
described in terms of the D-particles and the D-instantons JTB], [H]]. In this 
paper we study the IIB matrix model, which is hoped to give the type IIB 
superstring. In this case, other than 2D string, the oscillation modes with 
continuous momenta will arise. The aim of this paper is to clarify how the 
oscillation modes arise in the IIB matrix theory. We study such an issue 
using the supersymmetry. 

The Wilson loops will describe the operators which create and annihilate 
strings B.0- We here introduce supersymmetric Wilson loops in IIB matrix 
theory and identify it with the asymptotic state of superstring. To carry out 
the program we first study the supersymmetry transformation law of the 
wave function of IIB superstring which is constructed by acting the vertex 
operator of the D-instanton |y| on the boundary state |L7|. We then show 
that the supersymmetric Wilson loop just has the same property as that the 
state of superstring has, where the supersymmetry transformation of reduced 
super Yang-Mills theory acts on it as a counterpart of that of world-sheet 
theory. 


2 The state of IIB superstring 


We first construct the eigenstate of Hamiltonian using Green-Schwarz 
superstring quantized in the light-cone gauge |L9, 01 and then discuss its 
supersymmetry transformation law. 

Let us consider cylinder frame with Dirichlet boundary at r = 0. The 
boundary state is defined by the conditions 


d a X^(a)\B >=0 , S +a (cr)\B >= 0 


( 2 . 1 ) 
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where S ±a = -j%(S a ± iS a ) and n = (+,—,/) I = 1, - - -, 8. This is the 
D-instanton state discussed in JT7], [T^|. In the following we mainly use the 
notations and conventions of ref. [|l^]. The conditions can be solved easily 
and we obtain 


| B >= exp 


00 /1 

E ( -Ol-nOtLn - iS-nS-1 


Tl= 1 
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\Bq > , 


( 2 . 2 ) 


where \Bq >= \I > \I > —i\d > |d >. The mode expansions of string 
coordinates are dehned by 


x \ t , a) = x I +p I r+'-J2^( 

n^O 

S a (r,a ) = Y j S a n e~ 2in ^ T - a) , 

n 

S a (r, a) = Y J S a n z- 2inix{T+a) . 


fyl e ~ 2m7r(r— <r) _|_ ^1 e -2imr(r+cr)\ 




(2.3) 


The vertex operator of (single) D-instanton |L8| is dehned in terms of the 
broken currents <9 r X M and S~ for translational invariance and supersymmtery 
in the form 

(a), 77 (a)) = ^ ^{x^a) - ifj(a)T^d T X^ , (2.4) 

where 9 = {2^2i\/p+)~ 1 Y + S~. We here consider the cr-dependent functions 
x M (cr) and r](a). In the light-cone gauge dehned by x + (a) = x + = r and 
T + r] = 0, the vertex operator reduces to the simple form 

PIT (1(J f i _ v 

V(x fJ ’,r])= / — \x I (a)d T X I — x~(a)p + + i2~*^/p+7f(cr)S~ a \ . (2.5) 

JO IT 1 > 

Let us consider the Wilson loop operator w = exp(— iV) and act it on the 
boundary state. Using the Baker-Campbell-Hausdorff formula we can obtain 
the following state: 

|x, rj >= w\B > 

= exp {-ixlp 1 + %XqP + + 2~^y/p+^SQ a ^ 


x exp 


x exp 
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n= 1 
oo 


El# 


=il2\/2 


X-n ~ 2 

VnV-n + 2 ^Vp+(VnS-n ~ iV-n^-n) - iS* n S\ 


a 

—n^—n 


( 2 . 6 ) 
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where the mode expansions of x and r/ are defined by 


x (a = 




>?» = y<f 2 "” 


n 


(2.7) 


This state satisfies the boundary conditions X\a)\x,rj >= x I (a)\x,rj > and 
S +a (a)\x,rj >= — 2 - 4y / p+ry a (cr)|a ;,?7 >. From the expression of vertex oper¬ 
ator, the operators <9 T A' J (cr) and S~ a (a) are described in terms of the func¬ 
tional derivatives of a; 7 (cr) and rj a (a), respectively. 

The light-cone Hamiltonian is given by 


H = 


da 


(drX 1 ) 2 + (d^X 1 ) 2 - iS +a d a S +a - iS~ a d a S~ a . (2.8) 


2 p + JO 7T L 

Thcrefore the state \x,rj,T >= e l ' rH \x,r] > satisfies the Schrodinger equation 


d 

— i—\x,rj,T >= H\x,rj,T >= h\x,rj,T > 
or 


(2,9) 


where 


h = 


1 r da 
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( 2 . 10 ) 


and the wave function is defined by $*(x, 77 , r) =< <3>| x,r),r >. 

In the last of this section we discuss supersymmetry transformation law 
of the state. The supersymmetry transformation of vertex operator with 
respect to the unbroken supercharge Q + is translated into the supersymmetry 
transformation on x M and r/. Using the equations 


& +) (8r X 1 ) = 2\-j= a ^ld„S-‘ , 

6i+>S-‘ = 2iVWa‘ + 2i-==a 4 7 7S T A'' , (2.11) 

where <$(+) = [ a a Q +a + a a Q +a , ], we obtain the equation 

5^V(x^ rj) = V{5 a xr 7 ) , (2.12) 
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where 


5 a x\o) = -ia & 'yLv a (.<r) , 

S a x o = iy/2a a riS , (2.13) 

S a V a (v) = — . 

p+ 

Using this we obtain S^w = 8w. Thus the Wilson loop gives the transition 
operator from the world-sheet theory to the space-time theory. 

3 Supersymmetric Wilson loops in IIB ma¬ 
trix model 

The world-sheet is regulated in the large N picture. The reduced su¬ 
persymmetric Yang-Mills theory will play an fundamental role to make a 
world-sheet. The identification of gauge fields with space-time coordinates 
will gives a non-pertubative definition of the type IIB superstring 0. The 
states in IIB matrix model should have the same supersymmetry transforma¬ 
tion law as that the continuum theory has. In this section we show that the 
supersymmetric Wilson loop just has the expected property. So we identify 
it with the IIB superstring state (in momentum space). 

The supersymmetric Wilson loop operator we introduce here is 

M 

w(C) = tr]J Uj , Uj = e~ ieVj , (3.1) 

j =i 

where Vj is defined using the superfield in the form V 3 = kjA^Xj), where 
A^(Xj) = e XjG A f j j e~ XjG . G is the generator of the supersymmetric Yang-Mills 
transformation 

, 5 a ^ = . (3.2) 

Thus we define 

Vj = k^A, - iV&r^Aj + 1[A„, A\]XjT fJ T vX Xj 

-±[A v ,*]r x \j\ j r ti r' x \j + ---) . (3.3) 


4 


In the following we work in the light-cone gauge 2 

kf = k + , r+A j = 0 . (3.4) 

Then we can see that the following supersymmetry transformation is realized: 

S a w(C) = 5 a w(C ) , (3.5) 

where 


S a kj 

S a k + 

s a \“ 


2ia a Y ad A\“ , 
0 , 

a a + ' 


—j= — kW nh or 
y/2 k+ 3 


(3.6) 


and AAj = y(A“ +1 — A“). The transformation of kj is dehned through the 
equation 

k J = ^T(d) 2 * - iV2A“AA“ (3.7) 

in the form 5 a k~ = — i\/2a a AA°j — iA(Afkj A“ 7 f d ct a ). In the continuum limit 
kk —a k^(a) and AA“ —> d a A a (a), this just corresponds to the supersymmetry 
transformation in momentum space derived in the continuum theory ( |2.13| ) Q. 
In this case the supersymmetric Yang-Mills transformation 6 just corresponds 
to the variation of world-sheet theory m + ' ) . The constraint (|3.7|) corresponds 
to the boundary condition d T X~\B >= [(<9 T X 7 ) 2 — iS~ a d a S~ a ]\B >. 

The above transformation law can be proved in the following. In the 
light-cone gauge the matrix V 3 is described in 50(8) notation as 

Vj = Vf + Vf + v? + V? + • • • , (3.8) 


where 

Vf = kjA 1 - k + A~ - k~A + , 

2 The covariant description of supersymmetry does not go well, where the constraint 

equation which serves as eq. is not known. 

3 The transition function between coordinate space to momentum space is given 

by Wf = exp{*(— x + k$ — x$k + + J ^-x 1 (cr)k 1 (cr) + iy/2k + f ^r/ a (a)A a (a ))} such that 

S^Wf = wf , where 6^ and 5( m ' ) are defined by ( |2.13| ) and (|3.6|), respectively. 
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Vj = -iV2k + \y a - iy/2^ A“ 7 ^“ , 

- ^k‘[A\ A^r’UX) , (3.9) 


v) 3 = -^=* + p', +^=*;'[/i + , riLmW'f’)^ 


The supersymmetry transformation is described in the SO(8) notation as 


daA 1 = - ia a Yaa^ , 

5„y4 + = iy/2a & ^ & , 

S a A~ = iV2a a ^ a , (3.10) 

= ^[A 1 , A J ]yja b - iy/2[A~, A 1 ]^a a + i[A + , A~]a a , 

5 a r = \[-AA J ]^a b - i\/ 2 [A + , A 1 }^ - i[A+, A~]cfi . 


Let us first consider the variation of V b} under the supersymmetry trans¬ 
formation 5. We can easily obtain the following equation: 





(3.11) 


where 


Sj = -2to*li»AJ4' - iV2a“A“yl + + . (3.12) 

In the next step we obtain 

S a {Vf + V b ) = S a (Vf + V} + V?) + Yf + A(/° + fj) , (3.13) 

where 

y- rj-A-;'] (3.i4) 

and 

fj = ^[ A+ ’ AJ ]«“7ad A “ A ?(7 / 7 J )fecA^ . (3.15) 

In general we will obtain the equation 

S a V j = S a V j + Y j + Af j , (3.16) 
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where Yj = Yf + Y' 1 H-and fj — fj + fj 4-• 

We will see that the extra term Yj is canceled in the Wilson loop. Let us 
consider the supersymmetry transformation of the Wilson loop. Using the 
relation (|3.16|) we obtain 


M ,1-1 ^ , M 

5 a w(C) = -trJ^inUjjiedaVilYlUj 

1=1 S=i 1 \=i 

M ,1-1 v 

-‘■■e n^Hw+'i+A/i) ii". 


i=i u=i 


M 


0=1 


(3.17) 


Noting that Afi = j(fi +1 — ./)) and f is the matrix such that \fJJi_\ = 
- i[fi, U-i] + o(e)), we get the following expression: 


M ,1-1 


5 a w{C) = -tr'EiU UAiefaVi + Y~ i[f h U-i]) (II U i 
i=i S=i y \=i 


M 


(3.18) 


As shown in the above calculation ( |3.14|) , Y t cancels i[//,VJ-i] iteratively in 
the continuum limit. This cancellation is an analogy of that by contact terms 
in open superstring with Chan-Paton factor |[I8| , |2l| . Thus we can prove the 
supersymmetry transformation law of the Wilson loop. 

This is the inverse picture of supersymmetry transformation law of the 
vertex operator for massless mode in the U(N ) Dirichlet open superstring 

n 


derived in 


where the roles of the world-sheet theory and space-time 


theory are exchanged. Supersymmetric Yang-Mills theory now plays an role 
of world-sheet theory, not of the space-time one. 


4 The S-matrix 

In the previous section we discussed the supersymmetric Wilson loop in 
IIB matrix theory. We proposed that, in the symmetrical point of view, 
it corresponds to the asymptotic state of IIB superstring. The correlation 
function of the Wilson loops is defined by 

< w(k\, Ai) • • • w(kL, Al) >= J dAd^w(Ci) ■ ■ ■ w(Cl) exp(— S) (4.1) 

where S is the reduced supersymmetric Yang-Mills acton. The continuum 
limit is defined by Me = 1 and g 2 N = 1, where g is the gauge coupling 
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behaived as g ~ e. The momentum conservation comes from the integration 
over the U( 1) part in U(N) matrix. The U( 1) part of A~ integral gives the 
delta function + • • - + k^) and others gives S(eJ2jLi kij + -' '+ e J2jLi k^j), 

where p = —, /. In the continuum limit these give the momentum conserva¬ 
tions of zero-modes, kft — f ^-k^(a). 

Thus the S'-matrix is defined by attaching the wave functions of oscillation 
modes $(£;, A) in the form: 

$-/= f YlA r =ID'^]ID\-]i(k„\„)<w(k 1 ,\ I )---w(k I „X L )> (4.2) 

J 5=1 Vl^l 

where [D'k 1 ] [DA a ] means the integration over transverse oscillation modes 
and the prime stands for the exclusion of the zero-modes. Incoming states 
(outgoing states) are defined by the Wilson loops with k + positive (negative). 

Finally we briefly comment on the Schwinger-Dyson equation of the fol- 
lowin type: 


r d M / l ~ l M \ 

/ dAd ^jrj^T, tr {Ii U J f0 ' m)eMS) = 0 . (4.3) 

J a/1 i=i V J= i j=i 7 

This is likely to correspond to the equation < 0|i?|$ >= 0 in the continuum 
theory. Here the effects of the terms corresponding to (d^x 1 ) 2 and r] a d a r] a in 
the Hamiltonian will be included in the derivative of action with respect to 
A + . This is similar to the picture of the Hartle-Hawking wave function. 
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